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Abstract

The paper is devoted to a theoretical analysis of linear stability of the viscous liquid film flowing down a wavy surface.
The study is based on the Navier—Stokes equations in their full statement. The developed numerical algorithm allows us to
obtain pioneer results in the stability of the film flow down a corrugated surface without asymptotic approximations in a
wide range over Reynolds and Kapitsa’s numbers. It is shown that in the case of moderate Reynolds numbers there is a
region of the corrugation parameters (amplitude and period) where all disturbances decay in time and the wall corrugation
demonstrates a stabilizing effect. At the same time, there exist corrugation parameters at which the steady-state solution is
unstable with respect to perturbations of the same period as the period of corrugation. In this case the waveless solution
cannot be observed in reality and the wall corrugation demonstrates a destabilizing effect.
© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

Theoretical studies of film flows began with the classical work of Nusselt (1916) where he obtained exact
solutions for the Navier—Stokes equations for a thin viscous layer falling down a smooth vertical wall. A great
number of works have been devoted to both linear and non-linear analysis of wave formation on a free surface
of the flow and there are many reviews devoted to wavy films. The problem of non-linear waves in the film
falling down a smooth surface has much in common with that of a viscous layer flow along a corrugated sur-
face. In both cases the governing equations are significantly nonlinear, the free surface is unknown, the surface
tension forces play a great role and there exists a spatial period. In spite of numerous applications of the prob-
lem to distillation processes (Fair and Bravo, 1990; DeSantos et al., 1991) and compact heat exchangers (Shah
and Focke, 1988; Webb, 1994) there are few experimental (Zhao and Cerro, 1992; Negny et al., 2001a,b; Vla-
chogiannis and Bontozoglou, 2002) and theoretical studies of the film flows down a corrugated surface. Using
perturbation theory, Wang (1981) investigated the flow along a sinusoidal surface with a corrugation ampli-
tude that was small compared to the Nusselt’s thickness. Kang and Chen (1995) generalized this approach on
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two-layers flowing down an inclined, slightly wavy surfaces. Using boundary-integral computational analysis,
Pozrikidis (1988) considered a creeping flow over an inclined periodic surface when the interia forces were
ignored. Shetty and Cerro (1993) developed asymptotic analysis of flow when the film thickness is much smal-
ler than the amplitude of corrugation. Treating corrugation in a linear approximation, Bontozoglou and
Papapolymerou (1997) examined resonant effects at finite Reynolds numbers. Numerical solution of
Navier—Stokes equations was obtained by Trifonov (1998) at finite values of Reynolds number for the corru-
gation amplitude that is comparable with the Nusselt film thickness. Film flow over a wavy wall in cylindrical
geometry was investigated numerically by Negny et al. (2001a,b) on base of the Navier—Stokes equations.
Their investigations were restricted by thin films in compare with the corrugations parameters. Film flow
down a three-dimensional corrugated surface (with both large ribs and small surface texture) was studied
by Trifonov (2004) on base of the integral approach.

All theoretical works mentioned above dealt with a waveless film flow down a corrugated surface. It is well-
known that there are waves on the surface of film flowing down a smooth surface. What are the waves in the
case of film flow down a corrugated surface? This question was studied by Trifonov (2007) on base of integral
approach and two-periodical nonlinear regimes of flowing were obtained. Using a perturbation analysis the
linear stability of film flow over an inclined wavy surface was considered by Wierschem and Aksel (2003)
and Wierschem et al. (2005). Their analysis was devoted to the long undulations when the liquid free surface
follows the corrugations shape. The goal of the present work is to study stability of the film flow down a cor-
rugated surface in frame of Navier—Stokes equations. We need to obtain parameters where the integral or
asymptotic approaches are still valid to describe more complicated regimes of flow down a corrugated surface.
There are very few works where the film flow with a wavy free surface is considered by use of the Navier—
Stokes equations in their full statement. One of them was carried out by Chin et al. (1986) where they inves-
tigated linear stability of the Nusselt film flow over a smooth surface at large values of Reynolds number
(Re > 100).

2. Governing equations

Using a rectangular coordinate system the flow of viscous incompressible liquid along a vertical corrugated
surface is described by Navier—-Stokes equations with the corresponding boundary conditions (see, for exam-
ple, Trifonov, 1998):
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Here u is the velocity component in the x-direction, v is the velocity in the y-direction, P is the pressure in the
liquid, P, is the atmospheric pressure, f(x) is the wall surface shape, 4(x, ¢) is the instantaneous film free sur-
face shape, H(x,t) = h(x,t) — (1/&)f(x) is the instantaneous local film thickness.

The equations are written in a non-dimensional form using scales as follows (dimensional variables are
denoted by asterisk):
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Here v is the kinematic viscosity; p is the liquid density; o is the surface tension; 4 and L are the corrugations
amplitude and period, respectively; Re is the Reynolds number; Fi is the film number.

The free surface shape is unknown beforehand. We use coordinates transformation ¢ =¢, x; = x,
n=(—f(x)/e1)/H(x,t) and the flow area becomes known: x; € [0,1], n € [0,1]. Using new variables the
non-stationary equations can be written as follows (the low index ‘1’ is omitted):

o g P +i 3l (T g ey, O (e + 1)
o e T T oy o 2 Xa o T Meggay T Ve T ) 3
ouv  0u? Guz.

Moy T a oy
YU AN 262 Y G P i et ) &
at ntan - 77y 617 Re ya 2 a A2 11)( an nxa a nxg rlxrlxﬂ an

ouv ouv ov?
L2 22 et i 2
e(ax+man+nyan>, (2)

o(t,x,n) = —H(t, x)u(t,x,n)n, — E% (H /0’7 u(t,x, ') dn’); ®
66—1;1 +a% (H(r,x)/o u(t,x, n’)dn/> =0; @
u(t,x,n) =0, n=0; )

oH 1 df OH 1 d&f
1 -
2% o T° <6x ta dx) 27 on? +81 dx?

2—8 e
ReyG”I £<6H+1df) NG ldf
o e dx Tl e &
ou o 0 0H 1 .df 0H 1 .df 261) oH _1df\ B
{aﬂ Ha <6x+ dx)an}l e( + >] + 4¢ —|— =0, n=1. (7)

Ox ¢ dx o g dx
Here n, = —n(0H /1) [H(t,x); n, = —(noH [ox + (1/e))d (x) /) /H (1,2); m, = 1/ H: n,y = (n,), = —(0H [x) [H
e = (1), = —(n,/H)OH [0 — (10°H [x* + (1 /e1) 1 ()/ &) [H (1,%).

Let us explain that the Eq. (3) follows from the continuity equation in new variables
Ov/0n + 0(Hu)/0x + 0(Hn,u)/0n = 0 after the integration from 0 to n and taking into account the no-slip con-
ditions at the wall. Eq. (4) follows from the kinematic boundary condition and Eq. (3) at n = 1.

We are interesting in the steady-state solutions of Eqs. (1)~(7) (H,(x), us(x,n),vs(x, 1), Ps(x,n)) and in their
stability. In the case of flow over a smooth wall (4 = 0) there is the analytical solution (Nusselts’s solution):

Hy(x) =1, uy(x,n) =1.5Qn— %), vy(x,n) =0, Py(x,n) =Py (8)
Numerical methods should be involved to get the steady-state solutions at finite values of the corrugation
amplitude. There are four independent parameters in the Eqgs. (1)~(7) ¢, ¢, Fi, Re and a function describing

the wall configuration f(x). We will use L/+/c/pg, A/L, Re and Ka (Ka = Fi"/! is the Kapitsa number) as

the independent parameters and f(x) = 0.5(1 — cos(2nx)) for the calculations below. It is easy to see that
the equations parameters can be expressed through our independent parameters — &= (3Re)1/ . /

[Ka" L/ (\/a/pg)), &1 = &/(4/L).

PP, = , o n=1 (6)
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Egs. (1)-(7) were computed numerically by use of the spectral method to obtain the steady-state solutions:
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Here T,,(n,) are Chebyshev polinomials and the ‘star’ superscript designates complex conjugation.

At M(N — 1) known values of harmonics U” the film thickness H,(x) is unambiguously regenerated from
Eq. (4) — Hp(x) =1/ fo up(x, 1) dyy’, the ve1001ty vp(x, 1) — from Eq. (3), Py(x,n) — from Eqgs. (2) and (6). The
numerical algorithm starts with the specification of the initial approximation for harmonics U/, which are then
improved by Newton’s method from Eq. (1) transformed into (n, m)-space. The Jacoby matrix was calculated
by use of the first order differential scheme. Taking into account the boundary conditions (5) and (7) we have
(M + 2)(N — 1) nonlinear algebraic equations to obtain M (N — 1) unknown values, i.e. the system is overde-
fined. This problem is related to the fact that the basis functions in spectral expansion do not satisfy boundary
conditions. In the current paper, we discard 2(N — 1) equations corresponding to the last two Chebyshev coef-
ficients in the expansion of the Eq. (1). The results will be correct at a good enough accuracy of approximation
of the function uy(x, n) — |UN/2 1|/sup |U”| < 107* at any m, and |Ug’4|/sup |U | < 107* at any n. During the
calculations, the indicated conditions of approximation were provided by the corresponding increasing of
numbers N and M from 8 to 256 and from 5 to 50, respectively, depending on the parameters.

3. Stability of the steady-state solutions

Substituting
H = Hy(x) + H(x)exp(—it) + C.C., u = uy(x,n) + i(x, ) exp(—it) + C.C.,
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into the system (1)—(7) and linearizing the resultant equations near the steady-state solution, we obtain a sys-
tem of equations with periodic coefficients to find a spectrum of eigenvalues:
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Here C.C. designates value that is complex conjugate to the disturbance and the bar denotes value calculated
at substitution of the steady-state solution. Coefficients aj., bj. in Egs. (9)-(14) are real functions and ones are
expressed through the steady-state solution (see Appendix).

According to Floquet’s theorem, the solutions of Egs. (9)—(14) bounded in terms of the x-coordinate are
presented as follows:
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Here Q is a real parameter varying from zero to unity Q € [0, 1]. After substitution into Egs. (9)-(14) we have a
generalized eigenvalue problem for complex matrixes:
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Matrixes 4 and B are of order (3M 4 1)(N — 1) and ones were computed numerically column by column
varying unit vector of the disturbances. We discard 2(N — 1) equations corresponding to the last two
Chebyshev coefficients in the expansion of Eq. (10). Instead of them the boundary conditions (11) and
(12) are used. To study stability of the solution (H,(x),u,(x,n),v,(x,n),Ps(x,n7)) we have to analyze
(3M + 1)(N — 1) eigenvalues for each value of the parameter Q € [0, 1]. The solution is stable if the real
parts of all eigenvalues are greater than zero or equal to zero for all Q. Disturbances with Q =0 should
be distinguished. These disturbances have the same period as the basic solution. Instability with respect
to this class of disturbances manifests itself in the fact that the steady-state viscous flow is impossible to
observe in reality. Regimes unstable with respect to disturbances with finite values of Q can be observed
until the disturbances will be developed.
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4. Results of the calculations. Stability of the film flows down a smooth surface

Steady-state solution (8) was examined firstly regarding the stability and results are presented in Figs. 1 and
2 (here aneut = 27H(/ Ayeyes Znewe 18 the dimensional period of neutral disturbance). The calculations were per-
formed for three values of the Kapitza number Ka = Fi'/!'. First of them (Ka = 10) is close to the water film
number or to the film number of liquid nitrogen on the saturation line at atmospheric pressure. Second and
third values of Fi correspond to water-glycerol mixtures used by Alekseenko et al. (1992) in experiments on
wavy film flow. Parameter L in this case has no physical meaning (only a scale) and in the equations we
canuse L=H, (¢e=1,1/¢ =0) and A" = H,/Q is the disturbance dimensional period. Problem (15) in this
case is simplified because the coefficients «/ in Eqgs. (9)~(14) do not depend on the x-coordinate. At all values of
the Reynolds number Re (at least up to 1000) and at O < Q.. (Re, Fi'/'!) spectrum of the eigenvalues of (15)
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Fig. 1. Wave numbers of the neutral disturbances. Lines 1-3 correspond to the Navier-Stokes equations calculations at Fi'"' =10, 5 and
2, respectively. Result of Benjamin (1957) asymptotic approach is aneur/SWe/18 = 1 at all values of Re and Fi'/!!.,
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Fig. 2. Phase velocity of the neutral disturbances. Lines 1-3 correspond to the Navier—Stokes equations calculations at £i/!' =10, 5 and
2, respectively. Result of Benjamin (1957) asymptotic approach is cpey = 3 at all values of Re and Fi'/''.
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has a single unstable mode. Let us note that the number of Chebyshev polynomials M in the disturbances
approximation was varied in a wide range (from 10 up to 50). Dependences presented in Figs. 1 and 2 were
calculated at M = 25 (for all values of the Kapitsa and Reynolds numbers) and ones were not changed at fur-
ther increasing of M.

At relatively small values of Re the dependences in Figs. 1 and 2 correspond to results of asymptotic
approach (Benjamin, 1957; (dnew)z+/5We/18 = 1). Using definition of H, and We it is easy to see that
et = (Zpeut) 3 = 2m\/50/(6pgRe) in this case and the neutral disturbance period decreases with the Reynolds
number increasing (all modes with A7, < A" < co are unstable). Phase velocity of the neutral disturbance is
close to the double free surface velocity at these values of Re. Integral approach (see, for example, Alekseenko
et al., 1992) gives (4,,,,), = 2m\/0/(pgRe) at all values of Re and Ka.

There is essential discrepancy between the predictions of the asymptotic or integral approaches and our
results at moderate and large values of Re. The discrepancy increases with the film number decreasing. Let
us not that the dependences in Fig. 1 demonstrate asymptotic straight line at large values of Re
(ttneut/SWe /18 ~ 1/+/Re). Period of the neutral disturbance will depend only on the liquid physical properties
at these values of Re — A’ = C+/c/pg, C = C(Fi¥'!), and one will not depend on the liquid flow rate. Phase

neut
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Fig. 3. Corrugations parameters (below the corresponding line) where the steady-state solution is stable with respect to disturbances of the
same period (Q=0): (a) corresponds to the Navier—Stokes equations (/,,/Ho is presented in Fig. 1); (b) integral model

(Apeut/Ho = 2m\/We/3). Lines 1-5 correspond to Fi'"'=10 at Re= 1, 5, 10, 20 and 50, respectively; lines 6-10 — Fi'"'=5at Re=1,
5, 10, 20 and 50, respectively; lines 11-15 — Fi'"' =2 at Re=1, 5, 10, 20 and 50, respectively.
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velocity of the neutral disturbance is close to the free surface velocity at these values of Re. The last two con-

clusions are in agreement with the results of Chin et al. (1986) where they investigated linear stability of film
flow over a smooth surface at large values of Reynolds number (Re > 100).

8 L/ (olpe)”’

15

0 T T T T T T T T T T T T T T T 1
0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16

Fig. 4. Corrugations parameters (below the corresponding line) where the steady-state solution is stable with respect to disturbances of the
same period (Q = 0); solid lines corresponds to the Navier—Stokes equations; dashed lines — integral model. The lines parameters are
explained in caption of Fig. 3.
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5. Results of the calculations. Stability of the film flows down a corrugated surface

Calculations of the steady-state regimes start at small values of the corrugation amplitude where we have
initial guess (solution (8)) of the iteration procedure. Varying parameters the steady-state solutions were

obtained and their stability was analyzed at wide range of L/\/a/pg and A/L at three values of Ka = Fi'/"!
and for the values of Re =1, 5, 10, 20 and 50.

1 L/ (opg)”

0.5
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0.0 T T T T T T T T T T T T T T T T
0.00 0.02 0. 04 0.06 0. 08 0.10 0.12 0.14 0.16

Fig. 5. Corrugations parameters where the steady-state solution is stable with respect to disturbances of the same period (below line 1) and
ones where the solution is stable with respect to arbitrary disturbances Q € [0, 1] (inside region bounded by line 2). Solid lines corresponds
to the Navier—Stokes equations; dashed lines — integral model. Value of Fi'"' = 10: (a) corresponds to Re = 1; (b) Re =5; (c) Re = 10.
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Results of the stability study are presented in Figs. 3a and 4-7. The corresponding results of the integral
approach obtained by Trifonov (2007) are shown in Figs. 3b and 4-6 as dashed lines. Figs. 8-11 demonstrate
basic characteristics of the solutions of the Navier—Stokes equations at the parameters variation. Here (H) is
the averaged local film thickness, H,.x and H,;, are the maximum and minimum of the local film thickness
over a period, respectively. The contour lines of the streamline function ¥(x,n) = [ H(x)u,(x,')dy’ are

L i)

A/L
0 T T T T T T T T T T T T T T T T !

0.00 0.02 0.04 0.06 0. 08 0.10 0.12 0.14 0.16

Fig. 6. Corrugations parameters where the steady-state solution is stable with respect to disturbances of the same period (below line 1) and
ones where the solution is stable with respect to arbitrary disturbances Q € [0, 1] (inside region bounded by line 2). Solid lines corresponds
to the Navier—Stokes equations; dashed lines — integral model. Value of Fi'/!'! = 5: (a) corresponds to Re = 1; (b) Re = 5; (¢) Re = 20, no
region 2 in accordance with the integral approach.
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shown in Fig. 12. In steady flow, the streamlines represent particle trajectories within the liquid. The wall and
the free surface shapes are the low and upper bounds of the plot, respectively (y/L = ¢[f (x)/e1 + nH(x)]). In
Fig. 13, the corresponding streamline function of the integral approach and the free surface shape are pre-
sented for comparison.

There are real eigenvalues and pairs of the complex conjugate eigenvalues in spectrum of problem (15) at
Q0 =0. On lines 1-15 in Figs. 3 and 4 (or on line 1 in Figs. 5 and 6) the real part of one pair of complex

Real(n,),Real( 2)
aol— — — — - -

Fig. 7. Behaviour of the real parts of two eigenvalues as a function of parameter Q at different values of the corrugation period. The
steady-state solution is stable if Real(4) of all eigenvalues is positive at all values of Q € [0,0.5]. Values of Fi'"""'=10, Re=5, A/L=0.1:

(a) corresponds to L/\/a/pg =3.7; (b) L/\/a/pg =2; (c) L/\/a/pg = 1.
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a L/,/olpg b

8

! |
0.02 0.06 0.1 0.14 A/L

Fig. 8. Contour lines of basic characteristics of the steady-state solutions on the plane of the corrugation parameters. Values of Fi'"M =

10, Re = 1: (a) corresponds to (H); (b) Hmax; (¢) Hmins (d) (Hmax — Hmin)-

conjugate values goes through zero. Below these lines the solutions are stable with respect to disturbances with
0 = 0. At these values of the corrugation and flow parameters the basic wavyless solution can be observed in
experiments (at least over an initial part of the experimental channel) while the unstable disturbances with
finite values of Q or the possible unstable three-dimensional disturbances will be developed. In experiments
of Vlachogiannis and Bontozoglou (2002), devoted to the film flow over inclined corrugated channel they
called this part of the flow as “free surface with static deformation”. Above the lines 1-15 in Figs. 3 and 4
(or above line 1 in Figs. 5 and 6) the solutions are unstable with respect to disturbances with Q =0 and
the wavyless basic solution cannot be observed experimentally even on the initial part of the flow channel.
Let us note that the value /., (period of the neutral disturbance of the film flow down a smooth surface) used
as a scale in Fig. 3a depends essentially on Re and Ka (see Fig. 1). Let us also note that the lines 1-15 in Fig. 3a
are close enough to unity at all values of the corrugation amplitude and ones are close to the corresponding
lines of the integral approach (Fig. 3b). Fig. 4 presents the same results using capillary constant as a scale of
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the corrugation period. Both the lines scattering and the difference from the integral approach are more essen-
tial in this system of non-dimensional parameters (due to essential dependence of 4., on Re and Ka). Nev-
ertheless we will use L/+/a/pg as a non-dimensional parameter for rest of the paper graphs due to more clear
connection with the liquid physical property.

There are three different regimes of the film flowing over a wavy wall as it follows from Figs. 8-13. First of
them is characterized by the free surface shape that follows the wall shape and one is realized at large values of
L/+/c/pg. The value of (Hy.x — Humin) is relatively small for this type of flowing and (H) is close to one. Sec-
ond regime of flowing is characterized both by the deformed free surface shape and by the existence of the area
of “thick” film over the corrugation period resulting in an essential increasing of the value of (Hyux — Hmin)-
This type of flowing is realized at moderate values of L/+/a/pg. Third type of flowing is realized at small val-
ues of L/v/a/pg and the film free surface is almost parallel to the x-axis for this regime. These three types of
flowing exist at all values of Re and Ka considered in the paper. Comparison with the stability analysis results
presented in Fig. 4 allows us to conclude that the first regime of flowing is unstable with respect to distur-
bances with Q = 0. Using a perturbation analysis the stability of the first type of flowing over the inclined
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corrugated wall was considered by Wierschem and Aksel (2003) and Wierschem et al. (2005). They found that
the critical Reynolds number for the onset of surface waves is higher than for a flat bottom but one is still zero
for the flow down a vertical corrugated wall. We are going to analyze stability of the film flow over inclined
wavy wall in nearest future based on the Navier—Stokes equations in their full statement. Now it is not possible
to give comparison of our results with these papers conclusions.

Above, the stability with respect to disturbances of the same period as the period of corrugations was ana-
lyzed. This class of disturbances is very important but there are other disturbances which can be unstable.
Time-evolution of any disturbance of our basic periodical regime can be presented through a set of two-peri-
odical perturbations (H (x), it(x, 1), o(x, ), P(x,n)) exp(—Ait) exp(21iQOx) in accordance with the Floquet’s the-
orem. One of the perturbations periods is the period of corrugations and the second period is L/Q. For every
value of Q € [0, 1] we should analyze the spectrum of the eigenvalues of problem (15) to give answer regarding
the stability. There are harmonics of period L, L/2,..,2L/N in the Fourier expansion of

(H (x),u(x,n),0(x,n), P(x,n)) and our stability analysis covers all types of disturbances with different wave-
lengths (equal, shorter and longer with respect to the wall period).
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(b) Re =5; (c) Re =20; (d) Re =50.

Line 2 in Figs. 5 and 6 bounds the parameters region where the steady-state solutions are stable with respect
to arbitrary disturbances with Q € [0, 1]. At finite values of Q # 1/2 the spectrum of problem (15) consists of
complex eigenvalues. At QO = 1/2 the spectrum consists of real eigenvalues and pairs of the complex conjugate
eigenvalues. At QO > 1/2 the eigenvalues of problem (15) are complex conjugate to the corresponding eigen-
values at O, = 1 — Q. Thus, we have a lot of branches of 4,(Q), i=1,...,(3M + 1)(N — 1). Most of them
are with a very large positive value of Real(Z) for all values of Q €]0,0.5]. Fig. 7 demonstrates two branches
of Real(/) for three steady-state solutions (different periods of corrugation) at constant Ka, Re and 4/L. In the
spectrum of problem (15) there is the disturbance that demonstrates the vanishing value of Real(4) with the O
decreasing (branch 1 in Fig. 7). This branch can have positive or negative value of Real(1) at small Q (the
“long-modulated” disturbances) and one controls the stability/unstability of steady-state solution at finite val-
ues of Q. Let us emphasize that the “long-modulated”” mode has zero value of 1 at Q = 0 and the parameters
regions where all disturbances are stable can be very different from those of where the basic solution is stable
with respect to disturbances with Q = 0. For example, we did not find solutions which are stable with respect
to disturbances with O # 0 for Re = 20 and 50 at Ka = 10, for Re = 50 at Ka = 5 and for Re =1, 5, 10, 20 and
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Fig. 13. Integral model. Contour lines of the streamline function and the free surface shape at Fi'/"" =10 and 4 /L =0.15.

50 at Ka = 2 inspite of the wide enough region of the parameters where the basic solution is stable with respect
to disturbances with Q = 0 (see Fig. 4). Let us also note that the integral approach gives good enough descrip-
tion of the stability regions with respect to arbitrary disturbances at Ka = 10.

Before the conclusions let us give some additional comments regarding Figs. 12 and 13. In accordance with
the Navier—Stokes calculations there is stagnation zone at moderate values of the Reynolds number at some
values of the corrugation parameters (it is not possible to have such zones in frame of the integral approach
due to suggestion 0P/0y = 0 used by the approach). The stagnation zone can exist even for the first type of
flowing when the film free surface follows the corrugations shape (see Fig. 12). Negny et al. (2001a,b) observed
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such type of flowing with vortex both experimentally and numerically considering the film flow over a wavy
wall in cylindrical geometry (4/L ~ 0.36,Ka ~ 10,L/+/a/pg = 8). Stagnation zone in their calculations was
found starting from small values of Re ~ 4. There is no vortex at such small values of Re in our case for these
values of the corrugation parameters. There are two finite curvatures of the film free surface in their calcula-
tions. First of them is connected with the wavy wall. Second curvature is connected with the cylindrical geom-
etry and one varies over the corrugation period. This variation is comparable with the first curvature changes
and it gives new force that is not included in our equations. It will be interesting work to extend our analysis
for the cylindrical geometry.

6. Conclusions

Theoretical analysis of linear stability of the viscous liquid film flowing down a wavy surface is carried out.
The study is based on the Navier—Stokes equations in their full statement. The developed numerical algorithm
allows us to obtain pioneer results in the stability of the film flow down a corrugated surface without asymp-
totic approximations in a wide range over Reynolds and Kapitsa’s numbers. Results presented in the paper
allow the following conclusions to be drawn:

e There exist corrugation parameters at which the steady-state solution is unstable with respect to perturba-
tions of the same period as the period of corrugation. In this case the waveless solution cannot be observed
in reality and the wall corrugation demonstrates a destabilizing effect. It is obtained that the bound of such
instability is close to line L/4,,, = 1 for all values of the corrugations amplitude considered in the paper (L
is the corrugation period, 4., is the length of neutral disturbance for the film flow down a smooth surface).
Below this line (L < A;

-u) the steady-state solution is stable with respect to perturbations of the same
period.

e At the same time, there is a region of the corrugation parameters (amplitude and period) where all pertur-
bations decay in time at moderate values of Reynolds number. In this case the wall corrugation demon-
strates a stabilizing effect. At larger values of the Reynolds number there are the “long-modulated”
disturbances growing in time. As a result the more complicated regimes of flowing down a corrugated sur-
face can be formed. In frame of the integral approach such regimes were studied by Trifonov (2007). It will
be interesting problem in future to consider the wavy regimes of flowing down a corrugated surface by use
of the Navier-Stokes equations.

o It is shown that the well-known results of the stability analysis of the film flow down a smooth surface
obtained by use of both asymptotic and integral approaches are not valid almost for all Reynolds numbers
at small values of the Kapitsa’s number and ones are not valid starting from moderate Reynolds numbers
at large values of the Kapitsa’s number. It is obtained that the wavelength of neutral disturbances becomes
be not dependent on the liquid flow rate at large values of Reynolds number.

o It is shown that in the region of the corrugation parameters (period and amplitude) considered in the paper
there are two types of flowing down a wavy surface — (a) film free surface follows the wall shape or (b) the
film flow demonstrates an area of ““thick’ film over the corrugation period resulting in an essential increas-
ing of both the averaged film thickness and the difference between the film thickness maximum and mini-
mum. The second type of flowing can be splitted additionally into the flowing with the deformed free
surface and with the free surface that is almost parallel to the x-axis. The corrugation parameters of the
second regime of flowing are inside the stability zone.

e There is the practically important region of the corrugation and flow parameters (4/L < 0.2, the Nusselt’s
film thickness is comparable with the corrugations amplitude) where the integral approach gives results
which are in good agreement with the corresponding results obtained by use of the Navier-Stokes equa-
tions in their full statement.
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